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Solution to Assignment 4

15.5

(24). The region is over a rectangle which can be decomposed into two trianlges D; and Ds. Dy
has vertices at (0,0), (1,0), (1,2) and Ds has vertices at (0,0), (1,2), (0,2). Over Dy, the region
is described by 0 < z <1 —z. Over Dy, it is given by 0 < z < (2 — y)/2. Hence the volume of

the region is
11—z (2-y)/2
// / 1dzdA(z,y) —i—// / ldzdA(z,y) =
D1 JO D2 JO

(27). Let vi = (0,2,0) — (1,0,0) = (—=1,2,0) and va = (0,0,3) — (1,0,0) = (—1,0,3). Then
(a,b,¢) = vi xve = (6,3,2). The equation of the plane passing through (1,0, 0), (0,2, 0), (0,0, 3)
is given by 6x + 3y + 2z = d. Setting (x,y,2) = (1,0,0), the equation is 6z + 3y + 2z = 6.
Regarding it as a region over the triangle 7" in the zy-plane with vertices at (0,0), (1,0), (0, 2),
the volume of the tetrahedron is

(6—6x—3y)/2
/// dzdA(x,y) =--- .
TJ0

(29) The region is described by 0 < 2z < /1 — 22 where (x,y) satisfies 22 + y? < 1,2,y > 0.
Therefore, the volume of this region is

1 pvV1-22 pvV1-22
8></ / / ldzdydx =---=16/3 .
0o Jo 0

Supplementary Problems

1. Find the equations of the planes passing through the origin and (a) (1,2, 3), (0, —2,0) and
(b) (0,2,-1),(3,0,5).

Solution. (a) (1,2,3) x (0,—2,0) = (6,0, —2). The equation is 6z —2z = 0 or 3z — z = 0.
(b) (0,2, —1) x (3,0,5) = (10, —3, —6). The equation is 10z — 3y — 6z = 0.

2. Find the equation of the plane passing the points (1,0,—1),(4,0,0),(6,2,1).
Soluton. Take ug = (4,0,0). (You can take any one of these three points as the base
point.) Then vi = (1,0,—1)—(4,0,0) = (—3,0,—1), and vo = (6,2,1)—(4,0,0) = (2,2, 1).
v X vg = (2,1, —6). The equation is 2z + y — 6z = d. Since (4,0,0) belongs to the plane,
d=2x440-6 x0=38. The equation of this plane is 2z + y — 6z = 8.

3. Let D be a region in the plane which is symmetric with respect to the origin, that is,
(z,y) € D if and only if (—z, —y) € D. Show that

/ /D f(,y) dA(z,y) =0,
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when f is odd, that is, f(—z,—y) = —f(z,y) in D.

Solution. Let f be the universal extension of f. It is readily checked that f is an odd
function in the entire plane. Let D; be a large disk of radius R centered at the origin
containing D. By converting to polar coordinates,

M= ], 7o
— /027r /OR f(rcos@,rsin®)rdrdd

T rR 2r R
= / / f(rcosf,rsinf)r drd9+/ / f(rcos@,rsinf)rdrdd .
o Jo ~ Jo

Further, using the change of variables & = § — 7, the second integral becomes

2 prR T R
/ / f(recosO,rsinf)rdrdd = / / f(rcos(a+ m), rsin(a + 7))r drda
™ 0 0 0
T rR
= / / f(=rcosa, —rsina)rdrdo
0 0

T rR
= _/ / f(rcosa,rsina)rdrdo.
0o Jo

It follows that

It = Il 7o

T rR 2r rR
= / / f(rcosQ,rsinG)rdrd9+/ / f(rcosf,rsin@)rdrdd
o Jo r Jo

T rR T rR
= / / f(rcosf,rsin@)rdrdd — / / f(rcosa,rsina)rdrda =0 .
0 0 0 JO

Alternate Solution. Let R = [—a,a] X [—c¢, ] be a large rectangle which covers D. Let
Dy ={(z,y) : (z,y) € D,y > 0} and Dy = {(z,y) : (z,y) € D, y < 0}. Then D; is
contained in [—a, a] x [—¢,0].

/sz - /_ _if(w,y)dyd:v

(s,t)(—=1)dsdt (s = —x)

(s,t)dsdt

_ /_a/o F(s,t) deds .

Il

|
O\OO\O
\\@\
S S g\
~ -



2022 Fall Advanced Calculus I1

It follows that

= Ihs = T

f (z,y) dydx + a: ,y) dydx
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